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INTRODUCTION
The question as to which factors cause the development dynamics of an economic unit (a firm, region, 
state, etc.) is one of the most discussed in the economics. Generally speaking, dynamics may be due to 
extensive or intensive factors; however, the effect of those factors needs to be properly quantified. This 
article summarises the knowledge from research in the quantification of the given factors, while following 
on the publications of Hrach, Mihola (2006), Mihola (2007a), Mihola (2007b), Hájek, Mihola (2008a), 
Hájek, Mihola (2008b), Hájek, Mihola (2009). The research is based on the crucial business criterion of 
the market economy, i.e. profit, while respecting the limits of the factors of production. In this context, 
the manner of achieving profit is not immaterial. The instruments included in the text are applicable to 
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businesses as well as to the national economy and other sciences. The correct answer as to the method 
of generating profit and GDP has a significant impact on the management of large business groups, on 
seeking a forward-looking direction of national economies and transnational units, as well as on tackling 
the problems of tendering processes, outsourcing and other economic activities. 

A crucial feature of the knowledge society is the application of new knowledge or the innovative appli-
cation of existing knowledge. Schumpeter’s economic analysis stresses the key role of dynamic processes 
based on permanent innovative efforts of businesses. However, innovation in all stages of business activities 
develops only in the environment which, owing to good education, fosters science and research as well as 
quality of human resources, and improves the use of innate human capacities. The innovation processes 
are also associated with the development of communication technologies, the management level, and a 
more efficient strategy and motivation. Such developments typically entail the use of qualitative or inten-
sive factors of development in particular, as opposed to extensive expansion of the existing production.

In solving practical strategic tasks of the national economy and businesses, it is essential to use proper 
dynamic indicators that reflect the factor of time, without which neither a serious tendering process nor 
the increasingly popular outsourcing can exist. Before we derive the appropriate indicators of an innova-
tive or, more generally, qualitative or intensive development, we will give one general illustrative example, 
which will help us with finding an appropriate basic correlation, on which the entire solution will be based.

1  Initial illustrative example
Suppose we run a successful firm, which supplies the market with production, for which, over the given 
initial period (referred to as index 0), it gains total revenue4 TR0, on which it spends total costs TC0 over 
the same period. The difference between the two quantities defines the economic profit.

EP0  =  TR0  –  TC0.	�  (1)

Then the total revenue / total cost ratio defines efficiency Ef0, which expresses the portion of total 
revenue per CZK 1 of the total cost invested, that is:

Ef0  =  TR0  /  TC0.	�  (2)

The economic profit / total cost ratio defines the cost profitability, i.e. the portion of profit per CZK 1 
of the total cost. Then the correlation between efficiency and profitability can also be derived:

Ef0  =  (EP0  + TC0 ) / TC0   =  EP0 / TC0  +  1.	�  (3)

The following schema shows this initial situation.

Suppose the market demand for the goods we produce doubles, with no other competing producer 
operating in the market. The production might be doubled in the two following specific ways: either we 
will build another production facility next to our existing one, or we will double the output of our exist-
ing facility solely through intensive factors of development.

In the first scenario, all inputs need to be doubled. We will need double our land. As the existing pro-
duction method has worked well, we will build double production capacity of the same quality without 

4	 We will initially describe outputs and inputs using microeconomic symbols, flow variables, TR as the total revenue and 
TC as the total cost. In both cases, the domain of definition includes positive rational numbers. TR ≥ 0 and TC ≥ 0. If  
TR ≤ TC, the economic profit will be negative EP ≤ 0.

 
TC0 TR0 
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any improvements. To operate such a capacity, we will also need double the number of our employees 
with the same skills. We could even only use our existing staff if reorganised into two shifts. Thus we 
will double both our capital and labour. The following schema illustrates this purely extensive way of 
production expansion.

TC0 TR0 

 
TC0 TR0 

For the purely extensive development, the achieved economic profit and efficiency (referred to as in-
dex e) can be expressed by the total revenue and total cost commensurate with the initial situation before 
our production was doubled, as follows:

EPe = 2 × TR0 – 2 × TC0 = 2 × EP0 ,	� (4)

Efe = 2 × TR0 / 2 × TC0 = Ef0.	�  (5)

That said, with the purely extensive development, the economic profit has doubled. Likewise, the total 
revenue and total cost have also doubled. However, the economic efficiency Ef0 has not changed com-
pared to the initial situation.

The second scenario includes the same inputs as the initial situation (referred to as index 0). We will 
double our production solely through innovations based on intensive factors. Hence we will do with the 
same land, and will consequently have the same number of employees and the same amount of capital, 
which we may innovatively change, however. Another admissible variant is the one of deploying a fewer 
number of higher skilled employees, who are paid better, however, and thus the total production costs 
will not change. Only the production will double.

TC0 
TR0 

TR0 

In the purely intensive development, the economic profit (referred to as index i) has more than dou-
bled, as shown in the correlations below. In this scenario, the economic profit equals that of the purely 
extensive variant increased by the amount of total cost in the initial variant. The economic efficiency 
(referred to as index i) has exactly doubled:

EPi = 2 × TR0 – TC0 = 2 × EP0 + TC0 = EPe + TC0 ,	�  (6)

Efi = 2 × TR0 / TC0 = 2 × Ef0.	�  (7)

As the economic profit has increased in both variants, a more appropriate indicator of the economic 
development intensity is the efficiency, which remained unchanged in the purely extensive development, 
and increased as much as the output in the purely intensive development. This can be used very well in 
distinguishing the level of economic development intensity.

2  Generalisation of the initial example
In effect, pure developments occur only rarely. Mixed developments, involving both components, are 
usual. The mixed development may also involve the compensation of individual factors, one of which 
may have an upside effect while the other may have a downside effect. The general expression of the 
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level of development intensity or extensity must be applicable to any production increase as well as to 
its decrease or stagnation.

Any developments may be shown in Figure 1, with axis x denoting the total cost TC while axis y de-
noting the economic profit EP. In this chart, we can also easily draw the isoquants of constant total pro-
duction (grey parallels) as well as those of constant efficiency (a bundle of straight lines with an intersec-
tion at the beginning of the coordinates). In Figure 1, this is selected as the initial point with coordinates  
TC = 2; EP = 2; and thus TR = 2 + 2 = 4 and Ef = 4 / 2 = 2.

 

TR=4 

TC=2 

EP=2 

TR=8 

TC=4 

EP=4 

TR=8 

TC=2 

EP=6 

TR 

Figure 1  Total cost, total income and economic profit

Source: Own construction

The light grey and dark grey arrows denote the above discussed special instances of doubling the pro-
duction purely intensively and purely extensively. The purely intensive development, where the production 
increases at the constant total cost TC, is indicated by the light grey arrow. The purely extensive develop-
ment, where the production increases at the constant efficiency Ef, is indicated by the dark grey arrow. 

Figure 1 makes it clear that the required doubling of total revenue can be achieved in numerous mixed 
ways other than purely intensive or purely extensive ones. The highlighted grey isoquant for TR = 8 can 
also be reached from the initial point through the development at constant economic profit EP = 2 (this 
would be an arrow parallel to axis x), meaning a decline in efficiency Ef. We might also reach TR = 8 at 
the total cost decline to, for example, TC = 1. In that event, the total revenue would only double through 
an efficiency improvement, which will also cover the extensive diminution of TC.

Figure 1 also allows for analysing how a certain economic profit, e.g. EP = 3, may be reached if we 
again use the chosen initial point, where TC = 2; EP = 2, as the basis; that said, TR = 2 + 2 = 4 and  
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Ef = 4 / 2 = 2. This increase, as aptly illustrated by Figure 1, can be reached purely extensively on the dark 
grey line as well as purely intensively on the light grey line or in another mixed way. Economic profit 
EP = 3 can also be achieved at the constant total revenue TR = 4 if TC falls to 1. Efficiency again has to 
improve to the extent that it leads to an increase in economic profit and covers the extensive diminu-
tion of total costs TC.

Given this, it is evident that Figure 1 enables us to show and describe changes in movement from one 
point to another. If these points pertain to successive periods, we will be able to record a development 
or a trajectory of development of an economic unit. In any period, we will be able to analyse the devel-
opment in terms of all the 4 monitored quantities TR, TC, EP, EF and the links among them, including 
the intensity level achieved.

If we need to express the share of the effect of economic profit EP or of total cost in the total revenue 
achieved, we can do so by using an additive expression derived, for example, from the correlation (1):

TR = EP + TC.	�  (8)

Then we only need to divide the expression (8) by quantity TR, and if the quotients are to be expressed 
as percentages, the linear equation must be multiplied by 100:

100 = 100 × EP / TR + 100 × TC / TR.	�  (9)

In the above considered scenario, the economic profit EP and the total cost TC in the initial situa-
tion make up 50% of the total revenue TR. In the purely extensive development, these shares remain 
unchanged, whereas if the production is doubled in a purely intensive manner, the share of profit in total 
revenue increases to 75% and the share of total cost in total revenue makes up for 25%.

If we wish to calculate the shares of the effect of a multiplicative link, such as the effect of efficiency 
and total cost on the total revenue, we can modify expression (2) as follows:

TR = Ef × TC,	�  (10)

and subsequently convert expression (10) into a linear additive link using a logarithm. Thus we can 
also express the share of the effect of the qualitative magnitude in the form of efficiency Ef in the quan-
titative magnitude in the form of total cost TC.

The inputs and outputs of an economic unit may be of more than just the flow nature at the company 
level. In the national economy, the output may be expressed, for example, as gross domestic product 
(GDP) while inputs may be represented by functions of state such as labour L and capital K, which can 
be aggregated into a summary input5 of factors SIF.

3  Dynamic problem
If the timeline of flow quantities such as TR, TC, EP, Ef and, where appropriate, the GDP, or of the func-
tions of state such as the number of employees, essential means or the population constitutes what is 
known as the static problem, the changes in those quantities, measured by the dynamic characteristics of 
absolute or relative accrual (change rate) or index (change coefficient), constitute the dynamic problem.6 
In both events, we can express the extent to which the development is based on extensive or intensive 
factors of development at the levels of business, region or national economy.

5	 More details available, for example, in Hájek and Mihola (2009, p. 745), where summary inputs are referred to as sym- 
bol N.

6	 Details of the definition of static and dynamic tasks available, for example, in Hájek, Mihola (2009, p. 745), or Mihola 
(2007b, p. 448).
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If τ denotes the initial moment of a monitored period and T denotes the final moment, the number 
of monitored periods is:

m = T – τ.	�  (11)

Then the development of each quantity over a timeline can be observed by means of one of the three 
following dynamic characteristics used for any characteristic of the relevant system, with the character-
istic being referred to as A (a general denomination of a characteristic, which may be TR, NC, L, K, etc.):

•  absolute accrual          Δ(A) = AT – Aτ,	�  (12)

•  growth rate      	�  (13)

•  change coefficient; (chain) index	                                             .� (14)

If m = 1, then we have dynamic characteristics of two successive periods. In addition to dynamic 
characteristics, we can also observe efficiency Ef, i.e. the correlation between input x and output7 y over 
the given period of time. The expression of efficiency as a ratio does not necessarily require the same 
units of input and output quantities. The output quantity will be generally referred to as y (e.g. TR, GDP, 
etc.) and the input quantity as x (e.g. TC, capital K, labour L, SIF, etc.). This definition, which describes 
the given system by monitoring the changes in outputs, inputs and interrelations, corresponds to the 
cybernetic concept of the task. It provides us with information on efficiency,8 i.e. the units of outputs per 
unit of inputs at time t:

Eft =  
yt   

 .� (15)
             

  xt

An inverted value interprets the cost requirements, and specifies how many inputs are required per 
unit of outputs. Expressions (13), (14) and (15) can be used to derive the following correlations among 
the specified homogeneous dynamic characteristics:9

G(y) = G(x) + G(Ef) + G(x) × G(Ef),	�  (16)

I(y) = I(x) × I(Ef).	�  (17)

After the derivation of universal correlations for the unambiguous classification of developments ac-
cording to the shares of qualitative and quantitative (or extensive and intensive) factors, we need to de-
scribe these development types first. The detailed derivations of this typology, which is used as the basis 
for the derivation of universal dynamic characteristics to analyse the intensity of any development, are 
included in Mihola (2007a). In brief, this typology is evident from Table 1.

4  Dynamic parameters of intensity and extensity
The derivation of the correlations expressing the share of the effect of intensive factors on the develop-
ment of outputs can be based on both the partly additive expression (16) and the purely multiplicative 

7 
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7	 The domain of definition for inputs as well as outputs includes positive rational numbers: xϵ‹0,∞); yϵ‹0,∞) then I(x)ϵ‹0,∞); 
I(y)ϵ‹0,∞); G(x)ϵ‹-1,∞); G(y)ϵ‹-1,∞).

8	 This is how numerous authors define efficiency, e.g. Klacek (2006, p. 291), says: “In general, we can define the total produc-
tivity of the factors of production as the ratio between the output of a production process and the summary of inputs of the 
factors of production. SP(t) = Q(t) / N(t), where Q is the product and N is the summary input”.

9	 For details of the correlations, sorts and types of aggregations between a static task and a dynamic task, see Mihola (1979) 
and Mihola (2005).
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expression (17). The existing theoretical analyses as well as numerous practical applications that allow 
for the easy interpretation of results and further generalisation, e.g. into multiple factors, indicate that a 
logarithmically calculated correlation10 (17) is more appropriate as the basis for further computations. If 
expression (16) is used, we must either omit11 the multiplicative part of that expression, i.e. G(x) × G(Ef), 
or split that term ‘somehow’. This problem even increases if we consider more than 2 factors because the 
number of multiplicative terms and their extent increase rapidly.

Literature specifies certain solutions that are only applicable to positive accruals (e.g. Cyhelský, Matějka, 
1978, Toms, Hájek, 1966, Toms, 1983, Toms, 1988) of both factors. However, a dynamic task also needs 
to reflect the instances of declines in the individual factors as well as in the output. Furthermore, both 
considered factors may have a downside effect on outputs. If one factor has an upside effect while the 
other has a downside effect, the effects will partly compensate each other, or the mutual compensation 
may even lead to zero output growth. The following expressions were derived (the derivation is detailed 
in Mihola, 2007a) to truly express all situations that may occur in a dynamic task.

The derivation result is a correlation for a dynamic parameter of intensity:

i                                    ,� (18)

and a supplementary correlation for extensity:

e                                    .� (19)

For the purely intensive development, expressions (18) and (19) generate i = 1 and e = 0 (or 100% and 
0%, as appropriate), while for the purely extensive development, expressions (18) and (19) generate i = 0 
and e = 1. Even in all the other instances, the given pair of dynamic parameters provides clear informa-
tion on the type of development in the given sub-period or total period.

Adding up expressions (18) and (19) will derive the general correlation between the parameters of 
intensity and extensity:

i × sgn[G(Ef)] + e × sgn[G(x)] = 1,      or     l i l + l e l  = 1.	�  (20)

The sum of both parameters in quadrant I, where both factors contribute to growth, equals 1. In 
quadrant III, the sum is –1, with both factors having a downside effect. In compensation quadrants II 
and IV, the sum of dynamic parameters of intensity and extensity equals 0. This can be used as guidance 
in the types of development. The sum of both dynamic parameters tells us whether it is quadrant I or 
III, or whether it is compensation. The fact that the sum of absolute values of both parameters equals 1 
is used for designing well-arranged bar charts, for instance, which clearly express the shares of the ef-
fects of both factors.

The overview of values of the derived dynamic parameters for basic developments is included in  
Table 1.

10		Even though growth rates in economic calculations are often very low numbers, it is not always the case. This is particularly 
relevant in use of short time intervals and in a deeper hierarchical structure of the economy, e.g. at the enterprise level. 
An uncontrolled omission of this multiplicative term is a similar operation as a not quite correct omission of the powers 
of fluents used by Newton in his derivations. See e.g. Seife (2005, p. 133).

11	However, use of this procedure for the growing quantities is nothing new at all.  As long ago as in 1978, this expression 
was proposed in Cyhelský, Matějka (1978, p. 302).
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 Derived dynamic parameters can be used wherever we consider the effect that the development of the 
relevant absolute and relative quantities had on the result achieved. For example, the effect and inertia, i.e. 
steady motion, that a speed change (i.e. acceleration) had during accelerated linear motion over a distance 
achieved. These parameters can be used wherever any outputs and inputs variable over time exist and 
where the effectiveness or efficiency measurable by changes in effectiveness or efficiency usually varies.

The advantage of those parameters is that they can be compared in respect of time. That said, they are 
comparable without further modifications even though they have been calculated for timelines of differ-
ent lengths. This is due to the automatic averaging because no root extraction (averaging) is necessary 
for base indices, as shown in expression (18) (where a base index for m years is considered):

                                                                                                                .� (21)

Derived dynamic parameters are not limited in space, and allow for easily comparing different coun-
tries, sectors, businesses, etc., due also to the fact that it is a dimensionless quantity. This is because defi-
nition expressions (18) and (19) only include dynamic characteristics, i.e. indices. It is an advantage of 
any dynamic parameter because these are independent of a scale or the units of characteristics used in 
static tasks.

Correlations (18) or (19) operate with growths as well as declines in any combination, including com-
pensations, at any type of output development. The correlations also work with the limit states of net 
developments without problems. Also, there is no need to adopt any special simplifying assumptions or 
to check whether or not an unacceptable distortion has occurred during an approximate calculation, if 
any. The calculation is transparent, repeatable any time, and will always yield the same result.

The result obtained has a clear interpretation and constant information substantiality. The parameter 
of intensity i indicates the proportion at which the intensive (qualitative) factor, which makes itself felt 

 

Names – basic 
developments Characteristics Occurrence Output 

development Type

Parameter value

Of intensity
i (%)

Of extensity   
e (%)

1 Purely intensive 
growth

Growth in output y only 
influenced by Ef developments

Axis y   

Growth
Net  

develop- 
ments  

– effect  
of only  

one  
para- 
meter

   100       0

2 Purely
non-intensive decline

Decline in output y only 
influenced by Ef developments Decline –100       0

3 Purely extensive 
growth

Growth in output y only 
influenced by x

Axis x   

Growth      0    100

4
Purely
non-extensive 
development

Decline in output y only 
influenced by x Decline      0 –100

5 Combined intensive  
& extensive growth

The same effect of Ef and x on 
growth in output y Symmetry 

axis of 
quadrants I 

and III

Growth
Conso- 

nant  
effect

   50    50

6
Combined non-
intensive & non-
extensive decline

The same effect of Ef and x on 
decline in output y Decline  –50 –50

7 Intensive 
compensation

Stagnation of output y by growth 
in Ef and decline in x Zero  

growth 
hyperbola

Stagnation Compen- 
sation

   50 –50

8 Extensive 
compensation

Stagnation of output y by decline 
in Ef and growth in x –50   50

Table 1  Values of intensity and extensity parameters for basic developments

Source: Own construction
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   100       0 

2 
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non-intensive 
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only influenced by Ef 

developments 

Decline –100       0 

3 
Purely extensive 

growth 

Growth in output y 

only influenced by x 

Axis x    

Growth      0    100 

4 

Purely 

non-extensive 

development 

Decline in output y 

only influenced by x 
Decline      0 –100 

5 

Combined 

intensive & 

extensive growth 

The same effect of Ef 

and x on growth in 

output y 

Symmetry 

axis of 

quadrants I 

and III 

Growth 
Conson

ant 

effect 

   50    50 

6 

Combined non-

intensive & non-

extensive decline 

The same effect of Ef 

and x on decline in 

output y 

Decline  –50 –50 

7 
Intensive 

compensation 

Stagnation of output y 

by growth in Ef and 

decline in x Zero growth 

hyperbola 
Stagnation 

Compen

sation 

   50 –50 

8 
Extensive 

compensation 

Stagnation of output y 

by decline in Ef and 

growth in x 

–50   50 

Source: Own construction 
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as a change in efficiency, i.e. a change in the share of outputs and inputs over the given period of time, 
has contributed to the final development of outputs. The parameter of extensity e gives additional in-
formation on the proportion at which the extensive (quantitative) factor, i.e. the inflow of qualitatively 
unchanged inputs over the given period of time, has contributed to the final development of a product 
(outputs, effects).

A good interpretation of parameters leads to their easy application. Dynamic parameters aptly comple-
ment the existing characteristics with a fairly new perspective. The effort to express a share of influence 
or of the consequent contributions is evident in almost any economic analysis. The primary advantage 
of the solution presented here is that it comprehensively and systematically addresses all situations, in-
cluding declines, decreases in one of the factors, and consequently in compensations. However, one 
should avoid any isolated assessment of those parameters irrespective of the distance from the point of 
stagnation, where all isoquants converge. Naturally, in assessing the developments which are very close 
to stagnation, the relevance of the assessment as to how intensively this was achieved disappears. For the 
same reason, it would be easy to manipulate the sizes of dynamic parameters.

5  Macroeconomic interpretation
Most practical applications have been subject to experiments using a classical macroeconomic task, 
where input y constitutes the GDP in constant prices and inputs are expressed by functions of state, 
namely labour L and capital K. Timelines and relevant dynamic characteristics of those quantities are also  
exogenous quantities of growth accounting.12 A practical use of the growth accounting correlation is the 
specification of the residual quantity, which is the growth rate of the summary productivity of factors13 

G(SPF);14 e.g. Mihola (2007, p. 111), specifies the correlations:15

G(Y) = G(SPF) + vL × G(L) + (1 – vL) × G(K),	�  (22)

G(SPF) = G(Y) – vL × G(L) – (1 – vL) × G(K).		�   (23)

Here the expression is derived, under special assumptions, from an additive identity of national eco-
nomy,16 as part of the reflections on the development of what is known as potential output. This includes 
weight vL as the labour elasticity of output, and weight vK as the capital elasticity of output. Assuming 
that the return to scale is constant, the sum of those weights equals 1:

vL + vK = 1.	�  (24)

In the expression (22), these weights are used in a weighted aggregation of the rates of growth of la-
bour and capital. The assumption of the additive aggregation in a static task is not realistic just because 
one cannot imagine an economy without either of these factors, i.e. completely without labour or without 

12		An analogous expression is derived in numerous studies and textbooks, e.g. Mihola (2007a, p. 108), or Hájek, Mihola 
(2009, p. 746). Today, this correlation constitutes the backbone correlation of growth theories that are primarily concerned 
with long-term economic growth of potential output.

13	Robert M. Solow (see Solow, 1957) examines what is known as steady state growth, where the capital and labour growth 
rates reach equilibrium. Output growth per capita is subject to technological progress, which he sees as an exogenous fac-
tor here. Further elaboration of this idea has shown that not only technological progress but also the collective effect of all 
intensive factors of growth is relevant.

14	For example Denison (1967, see p. 15) used the SPF growth rate for an international comparison of 9 developed countries.
15	The calculation of the total factor productivity using this correlation has been discussed in a number of studies, such as 

OECD (2003), OECD (2004); some of Czech authors include Hurník (2005), Dybczak et al. (2006), Hájek (2006),  Min-
istry of Finance (2009); in Slovakia: Zimková, Barochovský (2007).

16		It also includes average wages and capital profitability dependent on labour or capital. In tackling this problem, one should 
also consider the issues of investment efficiency and the ongoing substitution of labour by technology.
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any capital. While these factors are substitutable, they are substitutable relatively rather than absolutely. 
Hence the likely outcome is a multiplicative aggregation of these factors in a static task, with which a 
hyperbola-shaped isoquant is commensurate.

Th e growth rate of the summary productivity of factors G(SPF), calculated from expression (23), 
makes it possible, if the output growth rate is known, to calculate17 also the share of the eff ect of the de-
velopment of intensive factors on GDP developments, which can by ascertained from expression (18). 
To be able to use modifi ed expression (18), we initially need to aggregate both inputs in a static task, i.e. 
labour L and capital.18 Th is quantity is referred to as the summary input of factors (SIF). Both additive19 
and multipli cative aggregation functions are used to this end in static as well as dynamic tasks.20 We 
believe that the most appropriate form of aggregation is the weighted geometric aggregation,21 which is 
used, for example, in the form of Cobb-Douglas with technical progress:22

  Y = SPF × Lα × K (1–α),  (25)

thus  SIF = Lα × K (1–α),  (26)

which means Y = SPF × SIF.  (27)

Expression (27) is a macroeconomic application of expression (10), and can be derived from expres-
sion (15). Given the properties of indices, expression (27) can be easily used to derive its own dynamic 
form, analogous to expression (17):

I(Y) = I(SIF) × I(SPF).  (28)

By the logarithmic calculation of this expression, we will obtain the initial correlation for a macroeco-
nomic modifi cation of macroeconomic dynamic parameters of intensity and extensity.

Th e macroeconomic form of the dynamic parameter of intensity is:

i                                   . (29)

17 In these events, literature usually uses the share of growth rates G(SPF) / G(GDP), which is approximately applicable to 
positive quantities only, where G(SPF) < G(GDP); otherwise the result is diffi  cult to interpret.

18 Unlike other authors, we consider the factors of labour and capital to be crucial factors variable in time and complementing 
each other. In the Czech Republic, e.g. Klacek, Vopravil (2008) – on the KLEM production function – deals with multiple 
factors.

19 Th e additive aggregation of labour L and capital K in a static task can be ruled out because thus we would admit either 
the possibility of generating production solely on the basis of labour without any capital (and consequently without tools) 
or production solely on the basis of capital, i.e. completely without staff , and this is impossible even in the highest level 
of automation. As both scenarios are unrealistic, only a weighted or simple multiplicative aggregation or geometric mean 
comes into consideration.

20 Th e additive aggregation of labour L and capital K in a dynamic task at the multiplicative link in a static task means the use 
of correlation (16), and this necessitates an omission of the multiplicative term of that expression, with this being unfair 
and possibly leading to serious inaccuracies. See, for example, Hájek, Mihola (2009, pp. 742–743).

21 Th e sum of weights equalling 1 leads to a linear production-possibility frontier (PPF) in a 2 × 2 × 2 × 2 model. If these 
weights are identical, i.e. 0.5, it is a simple geometric mean, and the isoquants will be hyperbolae symmetric around the 
axis of the fi rst quadrant. For asymmetric weights, the asymmetry of isoquants will primarily express the long-term pre-
vailing substitution by technology. Th us the interpretation of weights will change vis-à-vis that in Hájek, Mihola (2009, p. 
746).

22 We believe that one of the most comprehensive studies of multiplicative type production functions with factors of labour, 
capital and technical process is the Barro and Sala-i-Martin book (1995), where p. 29 includes the Cobb–Douglas pro-
duction function in the form of Y = AKα × L(1 – α). Th e study also includes comparisons to the proposals by Leontief Y = 
F(K,L) = min(AK, BL) from 1941; Harod from 1939; Domar from 1946; Solow from 1969; and many more. In the Czech 
Republic, see article Hájková, Hurník (2007), for instance.

lnI(SIF)lnI(SPF)

 I(SPF)ln 

+

=
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The macroeconomic form of the dynamic parameter of extensity is:

e 	                                    .	�  (30)

The calculation of the share of the effect of intensive and extensive factors using these parameters 
has numerous advantages vis-à-vis the calculation of the share of effect on the basis of correlation (23):

• 	 It is applicable not only to an increase of the effect of sub-factors but also to their decrease and 
mutual compensations, i.e. opposing effects, which may lead to the complete compensation into 
zero output growth as well as to a GDP decline;

• 	 It is not affected by any errors arising from the omission of multiplicative terms of the additive link 
in respect of growth rates;

• 	 It allows for a very illustrative spatial representation of the trajectories of development (in a chart) 
of the change coefficients I(SPF) and I(SIF), where the isoquants (contour lines) of the rates of 
GDP growth and dynamic parameters of intensity as well as extensity can be shown concurrently.

The dynamic parameters of intensity and extensity are applicable not only to the measurement of 
intensity of economic developments but also whenever we need to find out how the absolute compo-
nent such as time and the qualitative component such as speed have contributed to the development of 
a quantity. An interesting application of the above dynamic parameters is that of the assessment of de-
velopment or innovation cycles or the analysis of demand or supply curves, where the use of dynamic 
parameters of intensity and extensity proves to be more universal than normally used elasticity, which 
lacks standardised values.

6  Example – Development of the Czech economy
The use of the aforementioned correlations will be illustrated in an example analysing the Czech Repub-
lic’s economy from 1995 to 2010. The initial data constitutes the timelines of real GDP (in constant prices 
for 2000), number of workers who represent labour L, and net fixed capital (in constant prices for 2000) 
which represents capital K. The first step includes the calculation of the summary input of factors SIF, 
correlation (26) (weight α was set at 0.57 ± 0.021). The total factor productivity was calculated by direct 
computation according to correlation (15). Dynamic characteristics and then the dynamic parameters 
of intensity i and extensity e, correlations (18) and (19) are calculated from all the quantities monitored.

Table 2 contains the annual growth rates23 of all key quantities and the dynamic parameters of inten-
sity and extensity.
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1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010

G(GDP)      4.0     –0.7   –0.8      1.3      3.6      2.5      1.9      3.6      4.5      6.3      6.8      6.0      2.5   –4.2      1.6

G(L)      0.9       0.2   –1.5   –3.4   –0.2      0.5      0.6   –1.3      0.3      1.0      1.6      2.7      1.2   –1.2   –1.9

G(K)      2.9      2.0     2.0      1.5      1.7      1.8      1.3      1.8      1.6      1.6      1.7      2.3      1.8      1.8      1.6

G(SIF)      0.9      0.9     1.4   –1.6      0.4      0.8   –0.5   –1.1      1.7      1.3      1.8      2.7      0.1      0.2   –0.2

G(SPF)      3.1   –1.6   –2.1     2.9      3.3      1.6      2.4      4.8      2.7      5.0      4.9      3.1      2.4   –4.4      1.8

i 78 –65 –61 65 90 66 83 80 61 80 72 54 97 –95 89

e 22 35 39 –35 10 34 –17 –20 39 20 28 46 3 5 –11

Table 2  Growth rates of macroeconomic aggregates and parameters of intensity and extensity in  
                 the Czech Republic (in %)

Source: Czech Statistical Office (2011), ECFIN (2011), own calculation

23	Authors who calculated the SPF using growth accounting have arrived at similar results, e.g. Šindel (2009), slide 47, speci-
fies the following G(SPF) for years 1996 to 2004: 2.9; –1.3; –1.2; 1.7; 3.5; 1.5; 0.4; 2.8; 3.7%.
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The above growth rates of real GDP were generated with the effects of intensive and extensive factors 
shown in Figure 3. The height of each bar is 100%, the bar is divided into intensive and extensive effects, 
and each of those components may be positive or negative. We saw partial compensations of both effects 
in 1997 to 1999; in 2002; 2003; 2009 and 2010, one of the dynamic pair parameters was negative but they 
were not of the same size in the absolute value.

Table 1 and Figures 2 and 3 show the developments in the individual years of the analysed period. In 
1997; 1998 and 2009, the real GDP declined. This decline occurred while the summary inputs were up 
by 0.9% in 1997, by 1.4% in 1998 and by 0.2% in 2010 but the SPF was down by 1.6% in 1997, by 2.1% 
in 1998 and by 4.4% in 2009. Thus the contribution of extensive factors was outweighed by the decline 
of intensive factors. The effects of extensive factors on economic growth were 35% in 1997; 39% in 1998 
and 5% in 2009. By contrast, the downside effects of intensive factors on growth were 65% in 1997; 61% 
in 1998 and 95% in 2009.

As concerns the share of the effect of intensive factors, 1999 was an interesting year, as the increase 
in real GDP by 1.3% was achieved at the decline in summary inputs by 1.6%, and this decline was more 
than counterbalanced by a 2.9% SPF rise. In that year, the share of intensive factors in real GDP growth 
was 65% while extensive factors had a 35% downside effect. A similar situation, albeit more moderate, 
reoccurred in 2002; 2003 and 2010. In 2002, the real GDP went up by 1.9% at the moderate decline in 
summary inputs by 0.5%, which was more than counterbalanced by a 2.4% SPF rise. In that year, the 
share of intensive factors in real GDP growth was 83% while extensive factors had a 17% downside ef-
fect. In 2003, the effect of intensive factors was stronger because real GDP growth of 3.6% was generated 
at the decline in summary inputs by 1.1%. This decline was more than counterbalanced by a 4.8% SPF 
rise. In that year, the share of intensive factors in real GDP growth was 80% while extensive factors had a 
20% downside effect. In 2010, the effect of intensive factors was even stronger because real GDP growth 
of 1.6% was generated at the decline in the summary inputs by 0.2%. This decline was easily counterbal-
anced by a 1.8% SPF rise. In that year, the share of intensive factors in real GDP growth was 89% while 
extensive factors had an 11% downside effect. The type of developments shown in the four years described 
was exceptional because real GDP growth was fuelled by such a strong increase in intensive (qualitative) 
factors that it outweighed the decrease in extensive factors.

Figure 2  Rates of real GDP growth in the Czech Republic in 1995–2010 (in %)

Source: Czech Statistical Office (2011)

In all the other years, i.e. 1996; 2000; 2001, and in the last four years, 2004 to 2008, both factors, i.e. 
intensive and extensive, always had an upside effect. Intensive factors were always predominant, with their 
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Figure 3  Shares of the effects of intensive and extensive factors in real GDP of the Czech Republic (in %)

Source: Czech Statistical Office (2011), ECFIN (2011), own calculation

share being twice to eight times greater than that of extensive factors. Only in 2007, the predominance of 
the intensive factor was modest. During those years, the shares of extensive factors ranged between 1/8 
and 1/2 while the corresponding intensive factors ranged between 7/8 and 1/2. The greatest intensity of 
90% was achieved in 2000. The lowest positive intensity of 54% was achieved in 2007.

The first period examined (1997–1998) saw a recession, arising from the instable political climate, 
making itself felt in highly restrictive monetary and fiscal policies. Uncoordinated interventions even 
led to a monetary crisis in 1997. Institutional barriers had the strongest impact on the banking sector, 
which found itself in a critical situation. The privatisation that was frequently unconsidered, and thus too 
spontaneous, led to instability, which delayed the required restructuring of enterprises and the launch 
of a more stable and more forward-looking innovative management. Investment stagnation was also ac-
companied by the poor inflow of foreign direct investments. There was still the aftermath of the strong 
past structural focus on heavy industry. The effect of high ecological investments was also evident.

Although the institutional environment was not yet refined in the subsequent period of 2000 to 2007, 
it improved significantly with the preparations for and the accession to the EU in 2004. The consequences 
of the growth-oriented economic policy and a more rational behaviour of the banking sector after its 
increased consolidation as well as the post-privatisation behaviour of enterprises had a positive effect. 
Domestic investments increased significantly, as did the inflow of foreign investments. Enterprises under 
strong foreign control were gaining ground, and exports were rising. However, the growth acceleration 
was not yet accompanied by the key long-lasting qualitative factors in HR improvement, and science and 
research development as a precondition of boosting the innovation process. The increasing openness of 
the economy had a positive effect on its performance but its dependence on and consequently its sus-
ceptibility to external environment increased somewhat as well. In addition, this vulnerability is boosted 
by the narrow portfolio of primary activities, particularly focused on the automotive industry, which is 
highly overgrown to the detriment of other transport alternatives as concerns ecology.

In 2008, the country lost its growth rate. The strong impact of intensive factors is due to the pre-crisis 
ousting of workforce rather than other factors. This became fully evident during the 2009 restriction, 
which was a result of the Czech economy reflecting the impacts. While 2010 was a year of adaptation 
to the new conditions, the adaptation is probably not based systematically, in a change of the structure 
of the economy. The negative extensity of 2010 was due to the post-crisis reduction of the economy in 
respect of both factors considered.
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Conclusion
Development intensity is one of the major indicators of the quality of economic developments. At the 
macroeconomic level, it can be measured as the ratio between real GDP and summary input, which in-
cludes labour and capital. Its increase is a result of qualitative, i.e. intensive, factors of growth. To aggregate 
the factors of labour and capital in the summary input SIF, we used the weighted geometric aggregation.

To find out the shares of intensive (i.e. qualitative) and extensive factors in real GDP growth, we used 
the dynamic parameter of intensity and extensity. These parameters allow for measuring their shares if the 
factors have opposing effects as well as if the real GDP declines, are universally applicable, and are easy 
to compare in respect of time and space. This makes it possible to extend economic analyses with a new 
perspective. The application of the suggested methodology to the analysis of the Czech Republic’s devel-
opments in 1995–2010 has shown that these parameters aptly complement conventional analysis tools.

References

BARRO, R., SALA-I-MARTIN, X. Economic Growth. McGraw-Hill, 1995.
CYHELSKÝ, L., MATĚJKA, M. K některým problémům a důsledkům konstrukce kauzálního modelu (On Certain Problems 

and Consequences of the Design of the Causal Model). Statistika, 7, 1978.
CZSO. Národní účty 2011 (The 2011 National Accounts) [online]. Prague: Czech Statistical Office, 2011. <http://www.czso.cz>.
DENISON, E. F. Why Growth Rates Differ: Postwar Experience in Nine Western Countries. Washington, D. C.: The Brook-

ings Institution, 1967.
DYBCZAK, K., FLEK, V., HÁJKOVÁ, D., HURNÍK, J. Supply-Side Performance and Structure in the Czech Republic  

(1995–2005) [Working Paper No. 4]. Prague: Czech National Bank, 4/2006.
ECFIN. Statistical Annex of European Economy. Brussels: European Commission, ECFIN, Autumn 2011.
HÁJEK, M., MIHOLA, J. Analýza vlivu souhrnné produktivity faktorů na ekonomický růst České republiky (Analysis of the 

Influence of the Total Factor Productivity on the Czech Republic’s Economic Growth). Political Economy, 6, 2009, p. 740.
HÁJEK, M., MIHOLA, J. Udržitelný růst – analýza České republiky (Sustainable Growth – An Analysis of the Czech Re-

public). Statistika, 6, 2008b.
HÁJEK, M., MIHOLA, J. Udržitelný růst – matematický aparát (Sustainable Growth – Mathematical Device). Statistika, 5, 2008a.
HÁJEK, M. Zdroje růstu, souhrnná produktivita faktorů a struktura v České republice (Growth Resources, Overall Factor 

Productivity and Structure in the Czech Republic). Political Economy, 2, 2006.
HÁJEK, M., TOMS, M. Produkční funkce a hospodářský růst Československa v letech 1950–1964 (Production Function 

and Economic Growth of Czechoslovakia in 1950–1964). Political Economy, 1, 1967.
HÁJKOVÁ, D., HURNÍK, J. Cobb-Douglas Production Function: The Case of a Converging Economy. Czech Journal of 

Economics and Finance, 9–10, 2007.
HRACH, K., MIHOLA, J. Metodické přístupy ke konstrukci souhrnných ukazatelů (Methodical Approaches to the Design 

of Summary Indicators). Statistika, 5, 2006, p. 398.
HURNÍK, J. Potential Output: What Can the Production Function Approach Tell Us? Economic Research Bulletin No. 1, 

Vol. 3. Prague: Czech National Bank, May 2005.
KLACEK, J. Souhrnná produktivita faktorů – otázky měření (Total Factor Productivity – The Measurement Issues). Statis-

tika, 4, 2006.
KLACEK, J., VOPRAVIL, J. Multifaktorová souhrnná produktivita faktorů: Empirická aplikace produkční funkce KLEM [vý-

zkumná studie ČSÚ] (Multifactor Total Factor Productivity: An Empirical Application of the KLEM Production Func-
tion [A Research Study by the Czech Statistical Office]). Prague: Czech Statistical Office, December 2008.

MIHOLA, J. Agregátní produkční funkce a podíl vlivu intenzivních faktorů (Aggregate Production Function and the Share 
of the Influence of Intensive Factors). Statistika, 2, 2007a.

MIHOLA, J. Kvantitativní metody – distanční stadium (Quantitative Methods – Distance Learning), a textbook of the Uni-
versity of Finance and Administration. Prague: University of Finance and Administration, 2005.



2012

43

49 (2)STATISTIKA

MIHOLA, J. Matematický aparát konstrukce syntetických ukazatelů (The Mathematical Device to Design Synthetic Indica-
tors). Ekonomicko matematický obzor (Economics and Mathematical Horizon), 1, 1979.

MIHOLA, J. Souhrnná produktivita faktorů – přímý výpočet (Total Factor Productivity – The Direct Calculation), Statis-
tika, 6, 2007b.

MINISTRY OF FINANCE OF THE CZECH REPUBLIC. Makroekonomická predikce ČR (Macroeconomic Forecast of the 
Czech Republic). Prague: Ministry of Finance of the Czech Republic, January 2009.

OECD. The Sources of Economic Growth in OECD Countries. Paris: OECD, 2003.
OECD. Understanding Economic Growth. Paris: OECD, 2004.
SEIFE, CH. Nula (Zero). Prague: Dokořán / Agro, 2005, ISBN 80-7363-048-6.
SOLOW, R. M. Technical Change and the Aggregate Production Function. Review of Economics and Statistics, Vol. 39,  

August 1957, pp. 312–320.
ŠINDEL, J. Dlouhodobý růst a mezinárodní komparace (Long-term Growth and International Comparisons). Prague:  

University of Economics, 2009. p. 47.
TOMS, M. K typologii procesu intenzifikace (On the Intensification Process Typology). Political Economy, 8, 1983.
TOMS, M. Proces intenzifikace: teorie a měření (The Intensification Process: Theory and Measurement). Prague: Academia, 1988.
TOMS, M., HÁJEK, M. Příspěvek k vymezení extenzivního a intenzivního růstu (A Paper to Contribute to the Definition 

of Extensive and Intensive Growth). Political Economy, 4, 1966.
ZIMKOVÁ, E., BAROCHOVSKÝ, J. Odhad potenciálneho produktu a produkčnej medzery v slovenských podmienkach  

(A Forecast of Potential Output and Output Gap in Slovak Conditions). Political Economy, 4, 2007.


